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FUNCTIONS OF 
RANDOM VARIABLES 

1٤ 
TN 


3 Transformation Technique: One Variable 6 The Theory in Application 


) 


| Intr oduction In this chapter we shall concern ourselves with the problem of finding the probability 
distributions or densities of functions of one or more random variables. That is, given 
a set of random variables Xj, X», ..., and their joint probability distribution or 
density, we shall be interested in finding the probability distribution or density of 


some random variable. Y = u(X;, X»,..., Xn): This means that the values of Y are 
related to those of the: Y's by means of the equation 


y = u(x] 5X2, S ۰ Xa): 


Several methods are available for solving this kind of problem. The ones we shall 
discuss in the next four sections are called the distribution function technique, the 
transformation technique, and the momerit-generating function technique. Although 

- all three methods can be used in some situations, in most problems one technique 
will be preferable (easier to use than the others). This is true, for example. in some 
"instances where the function in question is linear in the random variables X;, X», .. . , 

° Xn, and the moment-generating function technique yields the simplest derivations. 


2 Distribution Function Technique. ., 

A straightforward metliod.of obtaining the probability density of a function of 

continuous random variables consists of first finding its distribution function and 

then its probability density: by differentiation. Thus, if X;, X2,...,X, are continu- 

- ous random variables with a given joint probability density, the probability density 

of Y = واه‎ i^ is obtained by first determining an expression for the 
probability 


fe 
ANI 7 


* 


ed‏ نخس فو 


f 


. ۸1) ( = P(Y Sy) = P[u(X1, Xo,..., X,) Sy] 


cb‏ ہت 
2 


تو 


and then differentiating to get 


h 
— 
h 9 
ムル ルーフ کا لع 5 كل آا‎ 


پل 8037433 -0300 


m I 
نک« دا‎ 
0321. 4608832 


! 


From Chapter 7 of John E. Freund's Mathematical Statistics w 
Eighth Edition. Irwin Miller, Marylees Miller. Co 
All rights reserved. : 


| ith Applications. 
pyright 6 2014 by Pearson Education, Inc 
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Functions of Random Variables 


208 
Example 3! Áo mm 
اغ ات‎ 3 JA) 11 2 EXAMPLE | v 

[^ سر‎ og If the probability density of X is given DY 

/ (4) hs / J 6 ( dt LA 6x(1-x) for 0 «x «1 

f(x) = 


0 
C 


0 ۱ 27 q^ ma 0 elsewhere 
/ = 2 20 = 2 
„Ó - | | | e 
1 J pos find the probability density of Y — X. 
の -— | | 
1 ہے‎ denote the value of the distribution function of Y at y, we can write 
= -2 عار 7232-27 د‎ GOZ P(r Sy) 
— (€ ~ 一 c V 
1 = )م‎ sy 


, pas 
2-2 (€ — € 7 ہل يی‎ 


3ر 
نذا / ^ 
0 


G (ك)‎ =P 4 i 
0 ۱ 9 $ 1 3 = 
وويم سلا ا دی ےا‎ 
er ere > 80) = 2978-1) 


for 0 « y « 1; elsewhere, g(y) = 0. In Exercise 15 the reader will be asked to verif‏ اا 
pP cc this result by a different technique.‏ : 


V^ Bu; E کب ل كي شك‎ 
=) € 十 p A If Y = |X|, show that i 


4 a 8 +f(-y) fory>0 


0 elsewhere 


where f(x) is the value of the probability densi 
the probability density of y at y. Also, use thi 
of Y = |X| when X has the Standard normal 


ty of X at x and g(y) is the value of 
S result to find the probability dens! 
distribution, 

Solution 

For y > 0 we have 


60) = Pty x yj 


( = P(X| Sy) 


| پوچ‎ - a 
E. | | and, upon differentiation, 000) =4 9 (4) 


0 
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Exercises to cm 
If X has the uniform density with the Parameters, 、 


3. 
1. If X has an exponential distribution with the pus and f — 1, use the distribution function technique 5 fn 


eter 6, use the distribution function technique ٢ the probability density of the random variable y 


find the probability density of the random variable 
Y =InX. ^f the joint نمه‎ density of X and Yis gh 


. af 
vfu the probability density of X is given by l te ec lad ， 
dxye *) forx>0,y>0 
2 x f(x) = ió o: 05) 7 Vo elsewhere 
0 elsewhere 
and Y = X?, find and Z = VX? + Y?, find | 
(a) the distribution function of Y; (a) the distribution function of Z; 
(b) the probability density of Y. 1 (b) the probability density of Z. 
ب‎ ST EBEN | > 
je = 2 
e Ep 
A 
Ad X3 X; 
— y T 
= HIE y d 7 
2 5 1 í کے‎ / y-xtn22 
هی کرت‎ 


0<y = xı + x<1 


Figure 2. Diagram for Exercise 6. 
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aM 7 De 
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7 یی‎ 
や Y 
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و‎ ۹ getting O) ay 7 
Ws o 上 EN 1 11 
oe سی ناک( کس‎ E 
y- y 


AA 80) = 


a 
bilities remained unchanged: the 


ES 
Ps KN 1 
2 preceding example the proba p 
the result they ar associated wit 1 e various values of y 
es of X. That 15 all there is to the transformation 
long as the relationship i 


in the discrete case as 
-to-one, We may proceed as in the folloy. 


Note that in the 
only difference js that in t 
instead of the corresponding vali 
(or change-of-variable) technique 
one-to-one. If the relationship 15 not one 


o EXAMPLES 
With reference to Example 4, find the probability distribution of the random vari- 
able Z = (X - 2). 


Solution 
Calculating the probabilities h(z) associated with the various values of Z, we get 


n1) - fü) f) = M t - = 


and hence 


To perform atransformati : 
مه‎ E dis of variable in the continuous case, we shall assume 
ing for all values within the ran : ; PCR and either increasing Or decreas 
given by x = w(y), exists fo Or which f(x) + 0, so the inverse functio? 
r all the Corresponding values of y Li is differentia 


except where u'(x) = 01 U 
theorem. , % Under these conditi 
10111018, we can prove the follows 
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اا و و ببح 
EXAMPLE 8‏ 


If F(x) is the value of the distribution function of the continuous random variable Y 
at x, find the probability density of Y — F(X). 


Solution 


As can be seen from Figure 6, the value of Y corresponding to any particular value 
of X is given by the area under the curve, that is, the area under the graph of the 
density of X to the left of x. Differentiating y = F(x) with respect-to x, we get 


dy _ 
ーー ニア (6) = fü) 
P AES 
and hence 
dx _ 1 ۸ 1 
dy dy fo 
dx 


provided f (x) #0. It follows from Theorem 1 that 


80) = fo). 


f(x) 


for 0 « y > 1, and we can say that y has the uniform density with a = 0 and $ =1 


NE ud 


Figure 6. Diagram for Example 8. 
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‘ EXAMPLE 10 


If X, and X; are independent random variables having Poisson distribution. with 
the parameters A, and Ay, find the probability distribution of the random Variable 
Y = X1+X). 


Solution 


Since Xy and X» are independent, their joint distribution is given by 


je (Ag)‏ ))۱ ء 


f(x1,x2) ۔‎ 


x2! 


Semanas 


x1 x2! 


for xy = 0,1,2,... and x? = 0,1,2,.... Since y = x1 + x? and hence x; = y- xy, we 
can substitute y — x? for x1, getting 


e 1*2) ly (4 
suere 0.2)? (41) 
x2!) — x2)! 


for y = 0,1,2,... and x2 = 0,1,..., y, for the joint distribution of Y and Xp. Then 
summing on x from 0 to y, we get 


y 


h(y) = 3 EA 


RA‏ مسر 
ae = 5 eg Or X > ١‏ 
Je ee‏ 


y!‏ ا 


eT RU س‎ 
ہے‎ x xn > 
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after factoring out e^ 1*2 and multiplying and dividing by y!. Identifying the sum- 
mation at which we arrived as the binomial expansion of (Ay + Az)’, we finally get 


=(11+17) À Lay 
A fory=0,1,2,... 


and we have thus shown that the sum of two independent random variables having 
Poisson distributions with the parameters A; and A2 has a Poisson distribution with 
the parameter A = Ay + Ad. 


T "m: "EL.‏ سي 


|] I" If the joint probability density of X; and X; is given by 6 
SN Utha M 


umm |‏ امہ 
MN‏ به 2 ale nta) for x > 0,X2 > 0Û‏ 2 
elsewhere‏ 
ull -((‏ = 1 < 
find the probability density of Y = , 7 l X 一 A CY‏ 


1 


Solution 
Since y decreases when x? increases and xy is اس سے‎ we can use وي‎ 1 to 


] - 
find the joint density of X; and Y. Since y = z yields کے ہدس ور‎ * and hence 
: V 


xj l 
3 : د‎ > ^ (4 - ) 
: (ae E t DA 
y dy y -—€—— = M يلح‎ 
1 5 iy al | 2 1 
3 it follows that 01,1 = پا‎ ) | oy 
| - antah AI XT E 
g(x,y) =e n 71 ーー ん 


for x, > 0 and 0 > y > 1. Finally, integrating out x جس جات‎ 
gration.10.u—xr/y, we get 


i9 - | ean Put U= 7 
i du= AM hy 


Wo pu O 
ہے م 9— ولا‎ UY の 


EU 
4 2 00 
e9 d2 y xj ure "du 
0 


JY の 
wes a دا‎ Mu zr) 
の - 


un sl 
for 0 > y > 1, and A(y) = 0 elsewhere) Thus the random variable Y has the uniform 
density with a = 0 and م‎ = 1, (Note (hat in Exercise 7 the reader was asked to show 
this by the distribution function technique.) 


ーーーーーーーーーーーーーーーーーーー 
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THEOREM 2. Let f(x1,x7) be the value of the joint probability density of 
the continuous random variables X and X; at (1, x). If the functions 
given by yy = uy(x1,x2) and y, = uz (%1,x2) are partially differentiable | 
with respect to both x; and x? and represent a one-to-one transformation | 
for all values within the range of X; and X? for which زو‎ 40, then | 
for these values of x; and x2, the equations y; = uj (15,7) and p = | 
u2(x1, x2) can be uniquely solved for x, and x to give x; = wy (Yi, Ya) and | 
X) = W2(y1, y2), and for the corresponding values of y; and y;, the joint | 
probability density of Y, = u; (X, X2) and Y; = u;(X;, X2) is given by 


801,2 = fli (1, y2), w21, y2)] -1| 


Here, J, called the Jacobian of the transformation. is the determinant 


01 ðX 
ayy dy 
012 dx 
dy dy 


Jz 


Elsewhere, g(y1, y2) = 0. 


We Shall not prove this theorem, but information about Jacobians and their 
applications can be found in most textbooks on advanced calculus. There they are 
used mainly in connection with multiple integrals, say, when we want to change 


from rectangular coordinates to polar coordinates or from rectangular coordinates 
to spherical coordinates. 


WIR X em n 
EXAMPLE 12 


With reference to the random variables Xy and X; of Example 11, find 


(a) the joint density of Y; = x, + X and Y; = x 


X ; 
(b) the marginal density of Y2. "C 


Solution 


(a) Solving yı = x; +x) and = ےہ‎ for x, and x, we get xy = 2 لاو‎ 
x? = y1(1 — y2), and it follows that 


QM gu 
J — |'23, Sh 
242 278۶ 
TY ze zd 
SEM des: 26 


ون ہر 


O)‏ و د ا 
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NM 


> qi — c 


=7 کے ے‎ YA 
> 入っ 2٢ — سو‎ 
7 ولا‎ = ١ 5 -1-) 


Since the ‘formation i 
یا‎ e transformation is one-to-one, mapping the region x, > 0 and xj <0 
10 xi plane into the region y > 0and 0 < y) < 1 in the yy y?-plane, we ca 
خر‎ 0 5 0 ۱ ١ ۱ ۱ 
use Theorem 2 and it follows that ーー 


gn y») == yi = ye"! 


for y > 0 and 0 < y) < 1; elsewhere, g, y?) = 0. 


(b) Using the joint density obtained in part (a) and integrating out y, we get 
h(y)) = | وړ‎ dyi 
e kek لو‎ 
"00 z x | 
«T ye” dy = J i^ € ای‎ 
0 و‎ 


(2241.7! 


zl Bho = $ y الوا‎ 


for 0 > y) > 1; elsewhere, h(y2) = 0. 


EXAMPLE 13 


If the joint density of X, and X» is given by 


= l'(2) 


f(x1,%2) = 1 for0«x; «1,0«x, «1 
0 elsewhere 


find 
(a) the joint density of Y — X, +X? and Z = X5; 


- (b) the marginal density of r 
Note that in Exercise 6 the reader was asked to work the same problem by the dis- 


tribution function technique. 


Solution 
(a) Solving y = xi t X2 and z = x? for xı and x, we get x, = y — z and x? =z, 
so that 
ju QAI 1 -1 i 
二 | 2』 27 ٧۷ e 
e 4 Y 2 127 
"oU ge 


mation is one-to-one, mapping the region 0 < x < 1 and 
ane into the region z <y > 2 +1 and 0> z > 1 in the 
Theorem 2 and we get 


Because this transfor 
'0 > ور‎ > 1 in the x1x2-pl 
yz-plane (see Figure 7), we can use 


gyiz) > [l= 1 
forz<y<ztl and 0 « z < 1: elsewhere, للا‎ 2) = 0. | 


Scanned by CamScanner 


Hamp 14 
Ed di Ji -43 


— 0١ 
pig +) J 


0 for 


y 
| 1=, for 
ا رن‎ 


1 
/ l-dz=2-y for 
y-1 ۱ : 
0 for 


and to make the density 6 
shown that the sum of the 
ity. density whose graph is 


tion continuous, we J 
given random variables h 
shown in Figure 8. 


h(y) 


h(y) kr X ER. 
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M EXAMPLE 14 
۸) ۸۱ the joint probability density of Xy, X2, and X; is given by 


e "1 +2+17) 


for x-» 0,x? > 0,x3 > 0 
f(3,x2,33) = i 


0 elsewhere 


find 


(a) the joint density of Y, = X; + X; + X3, Y; 2 X2, and Y3 = X3; 
(b) the marginal density of Y}. l 


Solution 
(a) Solving the system of equations y; = x --x2 + x3, y2 = X2, and y3 = x3 for ۰ 
X2, and x3, we get xj = Jj y2 — ,ور‎ x2 = y2, and x3 = ys. It follows that 
Qu َ m 
h o+ DEF : 14-1 
TIE e A-— > 2-0 1 اس‎ 


٦٣۹‏ 0 لاہ 
and, sc the transformation is one-to-one, that‏ دا qa‏ 
5 $ ر20 2t‏ 
"٢‏ "€ = )81,72,73 
一 e?‏ 
for y2 > 0, y3 > 0, and y; > y2 + y3; elsewhere, g(y1, y2, y3) = 0.‏ 
XA de Ba Y‏ 
(b) Integrating out 2 andys,weget -‏ 


- 
| 1733 E y 53 
n= [fe andy de سم‎ 


1 um e 22> 


for y; > 0; h(y1) > 0 cues alk that we have shown that the sum of 
three independent random vari4bles having the gamma distribution with و‎ = 1 


and f = 1 is a random variable having the gamma distribution with w = 3 and 


B س‎ 
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